
25. Mar. 2016 @ Matsue

Yuichiro Tada (Kavli IPMU, ICRR) 
w/ M. Kawasaki arXiv: 1512.03515

/15

Can massive primordial black 
holes be produced in mild 
waterfall hybrid inflation?
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from merger of BH (~30 M☉) binary

Did LIGO detect dark matter?

Simeon Bird,⇤ Ilias Cholis, Julian B. Muñoz, Yacine Ali-Häımoud, Marc
Kamionkowski, Ely D. Kovetz, Alvise Raccanelli, and Adam G. Riess1

1Department of Physics and Astronomy, Johns Hopkins University,
3400 N. Charles St., Baltimore, MD 21218, USA

We consider the possibility that the black-hole (BH) binary detected by LIGO may be a signature
of dark matter. Interestingly enough, there remains a window for masses 10M� . Mbh . 100M�
where primordial black holes (PBHs) may constitute the dark matter. If two BHs in a galactic
halo pass su�ciently close, they can radiate enough energy in gravitational waves to become grav-
itationally bound. The bound BHs will then rapidly spiral inward due to emission of gravitational
radiation and ultimately merge. Uncertainties in the rate for such events arise from our imprecise
knowledge of the phase-space structure of galactic halos on the smallest scales. Still, reasonable
estimates span a range that overlaps the 2 � 53 Gpc�3 yr�1 rate estimated from GW150914, thus
raising the possibility that LIGO has detected PBH dark matter. PBH mergers are likely to be
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SuperMassive Black Hole

• Almost all galaxies are thought to possess one or 
a few SMBHs (~106–9.5 M⊙) in their centers 

• They’ve been found even at high redshift (z~6–7) 
whose formations are difficult to be explained 
astrophysically. (Pop-III? Direct Collapse BH?)

Bromm & Loeb 2003Haiman & Loeb 2001 
Made & Rees 2001

As halos are deconstructed only those with a mass greater
than a limiting mass Ml are traced; any progenitor with M
!Ml is treated as unbound matter accreted onto the halo. We
consider a range of limiting mass scales Ml
"(109–1010)M! . This is akin to putting in a lower thresh-
old on the halo’s velocity dispersion !*"vvir
"(GM /rvir)1/2 of "40–50 km s#1 where rvir is the virial
radius and where we assume a spherical bulge for the halo so
that M"4#rvir

3 $halo/3. We initially restrict our analysis to
typical galaxy mass scales today M"(1010–1012)M! .
We assume that a central black hole is present in all halos

M$Ml . To assign black hole masses to each halo today, we
use the powerful correlation recently found between the
black hole mass Mbh at the center of galaxies and the line of
sight velocity dispersion !* %28,29&. Specifically, we use the
best fit relation Mbh"1.2%108M!(!*/200 km s

#1)3.75 %28&.
The evolution of black holes through merging events and

accretion of halo matter is a complex one; the time scales
over which merging occurs will be intricately dependent on,
among other factors, the size of the halos and the ferocity of
the merging event, while the mechanism for accretion will be
dependent upon the halo properties 'for example, redshift
and halo velocity dispersion(. We do not endeavor to model
these complex processes here and instead take a simplistic
approach focused on current observational constraints. We
assume that halo mergers are violent events allowing black
holes to merge on time scales significantly less than the time
between halo mergers. We then model accretion using a re-
lation proposed in %12& whereby a fraction of the halo gas is
accreted onto the black hole:

Macc")acc'1&z (2Mhalo exp%#'!*/300 km s
#1(4&

'4(

where )acc is the accretion efficiency factor, and the velocity
dispersion dependence is introduced to account for the re-
duction in the halo gas’s ability to cool in the gravitational
well around the center at late times.
We are interested in the prospect that primordial black

holes are progenitors for the SMBHs now. We assume that
only halos with M$Ml contribute significantly to accretion
onto the central black hole. Subsequently, if a halo only has
progenitors of M!Ml and retains a black hole then the black
hole is assumed to have not undergone any gas accretion at
higher redshifts and is treated as primordial.
Figure 1 demonstrates, for the case of a single halo, how

the accretion efficiency )acc in Eq. '4( has a strong influence
on how much of the black hole mass could be present at
higher redshifts. In Fig. 2 we show the evolution of the total
comoving energy and number densities for black holes with
redshift. There is an intuitive play-off, shown in Fig. 2, be-
tween the accretion efficiency and the fraction of black holes
originating at early times. The higher the accretion rate, the
higher the chance is of black holes being formed at late
times, during the halo merging, as opposed to being primor-
dial. As discussed in %12&, constraints can be placed on the
efficiency coefficient using inferred accretion rates from
QSO luminosity functions %26&. One can see that the QSO
evolution data place a tight constraint on the accretion effi-
ciency parameter: for Ml"1010M! one requires )acc
"1.85%10#6. In this scenario we see that the vast majority
of black holes, using this accretion prescription, are present
prior to halo merging.

FIG. 3. Evolution of mass and number density of black holes in
galaxy scale halos for three different limiting mass thresholds.
Reading top to bottom for mass density and bottom to top for num-
ber density Ml"1010M! ,5%109M! , and 109M! with accretion
efficiencies of )acc"1.85,1.63, and 1.38%10#6, respectively, cho-
sen to be in agreement with low z QSO observations.

FIG. 4. Distribution of black hole masses at redshifts preceding
halo merger activity for the models in Fig. 3 with Ml"1010M! 'full
line( and 109M! 'dashed line(. The distributions are normalized to
their peak values.
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MPBH ~ 105M☉ 
can explain 

current SMBHs
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PBH has NOT been detected

Although none of the effects discussed in this paper
provides positive evidence for PBHs, Fig. 9 illustrates
that even the nondetection of PBHs allows one to infer
important constraints on the early Universe. In particular,
the limits on !ðMÞ can be used to constrain all the PBH
formation mechanisms described in Sec. I. Thus, for ex-
ample, they constrain models involving inflation, a dustlike
phase, and the collapse of cosmic strings or domain walls.
They also restrict the form of the primordial inhomogene-
ities (whatever their source) and their possible non-
Gaussianity. Finally, they constrain less conventional mod-
els, such as those involving a variable gravitational con-
stant or extra dimensions. However, it must be emphasized
that the form of the !ðMÞ limits may itself change in such
models, so it is not just a matter of applying the form of the
limits derived in this paper directly. These issues are too
broad to address here but they provide much scope for
future work.
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APPENDIX: LINK BETWEEN MASS TAIL,
ENERGY TAIL, AND NONMONOCHROMATICITY

OF PBH MASS FUNCTION

The high-energy tail generated by PBH evaporations has
been studied in detail by MacGibbon [172], so we only
summarize the argument briefly here. We confine attention
to the photon tail for simplicity. The form of this tail can be
derived by integrating Eq. (3.2) over time (i.e.M) for fixed
E:

dN"

dE
¼

Z 0

Mi

d _N"

dE

dt

dM
dM / E2

Z Mi

0

#sðE;MÞM2dM

eEM $ 1
;

(A1)

where we have used the relation dM=dt / M$2, #sðE;MÞ
is the absorption cross section appearing in Eq. (3.3), which
scales as M2 for E>M$1 and E2M4 for E<M$1 [169],
Mi is the initial mass of the hole and (for the current
discussion)M is the evolving mass. We are here neglecting
redshift effects, because most emission occurs at fixed
redshift for a given value of Mi. However, this could be
accounted for by replacing E by the present photon energy
E0 ¼ Eð1þ zevapÞ$1. We also drop the suffix " on E.
Let us first assumeMi >Mq & 0:4M', so that secondary

emission is initially unimportant. For E<M$1
i , the mass

integral just involves the Rayleigh-Jeans part of the spec-
trum, so it is dominated by the upper limit and scales as
M6

i E, leading to dN"=dE / E3. For E>M$1
i , the expo-

nential term cuts the integral off above a massM( E$1, so
the integral scales as E$5, leading to dN"=dE / E$3. The
time-integrated spectrum of photons from a PBH with
Mi >Mq can therefore be expressed as

dN"

dE
/
!
E3 ðE<M$1

i Þ;
E$3 ðM$1

i <E<!QCDÞ:
(A2)

Once secondary emission becomes important, as is always
the case for Mi <Mq, the analysis of MacGibbon and
Webber [161] shows that

d _N"

dE
/
!
E$1 ðm$ < E<M$1Þ;
E2M2e$EM ðE>M$1Þ: (A3)

The form around the peak at m$ reflects the low-energy
fragmentation function, which is roughly Gaussian,
although we do not give this explicitly. One now uses
this expression in Eq. (A1) and integrates overM. For E<
M$1

i , the integral is dominated by the emission whenM(
Mi, so dN"=dE scales as E$1. For E>M$1

i , the integral is
dominated by holes with M( E$1, so dN"=dE scales as
E$3. Therefore the E$3 tail given by Eq. (A2) simply
extends into the E>!QCD regime for Mi >Mq.
However, for Mi <Mq, we obtain

dN"

dE
/
!
E$1 ðM$1

i >E>!QCDÞ;
E$3 ðE>M$1

i Þ; (A4)
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FIG. 9 (color online). Master !0ðMÞ constraints diagram for
the mass range 1–1050 g, the acronyms being specified in the
caption to Fig. 8.
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Hybrid Inflation  Linde 1994

long waterfall (Nwater > 60) Clesse 2011

Relax the IC problem of Hilltop Inflation

V (�, ) = V (�) + ⇤4

✓
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2 2

�2cM
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�
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m2
 | ⇠0 = V  | ⇠0 = 2

⇤4

M2

✓
�2

�2
c

� 1

◆

instant waterfall

Chaotic IC + Small Field

original, blue-tilted

SUSY-flat + CW, ns ~ 0.98 
Dvali, Shafi, Schaefer 1994

SUSY breaking, ns can be 0.96 
Buchmuller et. al. 2000-

V (�) =

8
>><

>>:

1
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Mild Waterfall Case (half & half)
Half & Half case and Massive PBH

Garcia-Bellido, Linde, Wands 1996 
Lyth 2010, 2012 
Bugaev, Klimai 2011, 2012 
Clesse, Garcia-Bellido 2015

…

Perturbations become large around φc 
because of the flatness of the potential. 

＋ 

Following inflation enlarges the 
perturbation scale to make PBH massive.

Martin, Vennin 2012
30 e-folds

30 e-folds
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…

Perturbations become large around φc 
because of the flatness of the potential. 

＋ 

Following inflation enlarges the 
perturbation scale to make PBH massive.

Martin, Vennin 2012
30 e-folds

30 e-folds

However the perturbative expansion breaks down around φc ……

Numerical calculation in non-perturbative way with Stochastic formalism!
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Short break



h⇠(t,x)⇠(t0,x0)i ' HP��(t� t0)✓(1� ✏aH|x� x
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Stochastic formalism  Starobinsky 1986

classical b.g. field

ξ can be interpreted as white and  
Hubble-patch-independent Gaussian noise

subhorizon → IR
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EoM

coarse-grained on superhorizon scale
Horizon

quantum noise
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Horizon

quantum noise

δN

δN-formalism  Starobinsky 1985

ds2 = · · ·+ a2i e
2(N0(t)+�N(t,x))dx2

e-folds: dN = Hdt

gauge-inv. curvature perturbation

⇣(x) = �N(x) = N(x)� hNi

�2
⇣ = h(N(x)� hNi)2i

in non-perturbative way



Clesse & Garcia-Bellido 2015 Stochastic formalism

classical + lin. pert.

Both of Nwater and Pζ are 

determined almost only by the 

combination Π2 := M2φc µ1/Mp4 

The peak of Pζ is @ φc 

before Parameter Search
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Taylor expansion in mild case

There are still 4 parameters (Λ, M, φc, µ1) …
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Kawasaki, YT 2015
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Parameter Search

Indeed Π2 plays key role beyond the pert. th. 

There are factor differences @ 〈δN2〉 

〈δN2〉 ≲ 0.01 corresponds with Π2 ≲ 10. 

→ Waterfall phase ≲ 5 e-folds

Inversely, if waterfall phase ≳ 5 e-folds, 

PBHs will be overproduced!!

25. Mar. 2016 @ Matsue /1512
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corresponding PBH scale

average over 2500 sample paths 
1000 realizations per data point

25. Mar. 2016 @ Matsue /1514
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Conclusions

Stochastic + δN formalism → non-perturbative algorithm 

Can massive PBHs be produced in mild waterfall hybrid inflation? 

→ Yes, but rather overproduced and such possibilities are excluded. 

If ζc = 0.086, there is no parameter region to appropriately produce 

detectable PBHs. 

If ζc = 1, Π2 = M2φcµ1/Mp4 should be less than around 11 (Nwater ≲ 4), 

but even in that case, PBHs are too small.

25. Mar. 2016 @ Matsue /1515
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Full EoM
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skewness and kurtosis
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ε-dependence
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